We establish Chudnovsky's conjecture for a general set of points in P N . This conjecture provides a lower bound for the least degree of a homogeneous polynomial in [P N ] that vanishes at a given set of points with a given multiplicity. We also investigate the resurgence and asymptotic resurgence numbers of fiber products of projective schemes. Particularly, we show that while the asymptotic resurgence number of the k-fold fiber product of a projective scheme remains unchanged, its resurgence number could strictly increase.
Introduction
The goal of this paper is twofold. We shall establish Chudnovsky's conjecture for a general set of points. We shall also investigate the resurgence and asymptotic resurgence numbers of fiber products of projective schemes.
Chudnovsky's conjecture provides a lower bound for the answer to the following fundamental question: given a set of distinct points X ⊆ P N , where is an algebraically closed field of characteristics 0, and an integer m ∈ N, what is the least degree of a homogeneous polynomial in [P N ] that vanishes at each point in X of order at least m? For a homogeneous ideal I, let α(I) represent the least generating degree of I. Let I X be the defining ideal of X and let I (m) X denote its m-th symbolic power. Then the answer to this question is given by α(I (m) X ). Chudnovsky's conjecture is stated as follows (see [4] ). Conjecture 1.1 (Chudnovsky) . Let be an algebraically closed field of characteristic 0. Let X ⊆ P N be a set of distinct points and let I X ⊆ [P N ] be its defining ideal. Then, for all m ∈ N, we have α(I (m) X ) m ≥ α(I X ) + N − 1 N .
Conjecture 1.1 and its variations have been extensively investigated in the literature (cf. [4, 9, 13, 15, 34] and references therein). However, despite much of effort, Chudnovsky conjecture has been verified only for the following special cases:
• X is any set of points in P 2 [4, 24] ; • X is a general set of points in P 3 [9] ; • X is a set of at most N + 1 points in generic position in P N [9] ; • X is a set of a binomial coefficient number of points forming a star configuration [3, 18] ; • X is a very general set of points in P N [13, 15] ;
• X is a set of generic points in P N (z) [15] ; • X is a set of points in P N lying on a quadric [15] . Our first main result is the following theorem. Theorem 3.9. Chudnovsky's conjecture holds for a general set of points in P N .
Our method in proving Theorem 3.9 is in the same spirit as that given in [15] , where the conjecture was proved for a very general set of points, which uses techniques of specialization. More specifically, suppose that X = {P 1 , . . . , P s }, where P i = [a i0 : · · · : a iN ] ∈ P N . Parameterizing the coordinates (a ij ) 1≤i≤s,0≤j≤N of the points in X by new indeterminates (z ij ) 1≤i≤s,0≤j≤N , we get a set X(z) of generic points in P N (z) , where z represents (z ij ) 1≤i≤s,0≤j≤N . Notice that X is obtained from X(z) by substituting z ij = a ij for all i, j (specializing the coordinates! ). The key result in [15] is to show that for each m ∈ N, there exists an open dense subset U m of the Chow variety of s points in P N such that if X ∈ U m , then α(I (m)
). This method allows Fouli, Mantero and Xie [15] to conclude that Chudnovsky's conjecture holds for any set X ∈ ∞ m=1 U m (an infinite intersection of open subsets); and thus the terminology very general set of points.
It is known that the Waldschmidt constant of I X , which is defined to be
exists and is equal to inf m≥1 α(I (m) X ) m (cf. [13] ). Thus, Chudnovsky's conjecture can be rephrased in terms of α(I X ), and in order to verify the conjecture for a general set of points, it is essential to show that there exists an open dense subset U of the Chow variety of s points in P N such that for all X ∈ U, we have α(I X ) = α(I X(z) ).
To overcome the necessity of taking an open subset U m for each power m ∈ N, the novelty in our approach is to bring in the resurgence number ρ(I X ). An important step in our method is to show that (1.1) can be derived from the fact that there exists an open dense subset U of the Chow variety of s points in P N such that for all X ∈ U,
A key ingredient to accomplish (1.2) lies in Lemmas 3.4 and 3.5, where it is shown that the specialization in Krull's sense [30, 31] and that obtained by specializing the coordinates of the generic points almost always agree for both the ordinary and symbolic powers of I X(z) .
In an attempt to understand Chudnovsky's conjecture in connection to the well-celebrated result of Ein-Lazarsfeld-Smith [14] , Hochster-Huneke [27] , and Ma-Schwede [33] , Harbourne and Huneke [24] proposed a series of containments between symbolic and ordinary powers of homogeneous ideals. These containments have generated significant interest during the last few years (cf. [1, 2, 3, 5, 6, 7, 12, 13, 29, 32, 36, 37] ). The resurgence number was defined by Bocci and Harbourne [3] as a measure of the non-containment between powers of ideals. Specifically, for an ideal I in a polynomial ring, the resurgence number of I is
Guardo, Harbourne and Van Tuyl [21] then defined the asymptotic versions of the resurgence number as follows
It is easy to see that ρ a (I) ≤ ρ(I) for any ideal I. However, a priori, it is not quite clear how different these invariants could be. In fact, since these invariants are hard to compute, there are very few examples where ρ(I) and ρ a (I) are known explicitly (cf. [10] ). Our second goal of the paper is to study the resurgence and asymptotic resurgence numbers of fiber products of projective schemes. Particularly, we exhibit a pathological example of the difference between these two invariants.
Our next main result shows that while the asymptotic resurgence of a fiber product of projective schemes can be computed via that of given schemes, it is not necessarily the case for the resurgence number. Particularly, by taking k-fold fiber products of a projective scheme, as the asymptotic resurgence number remains the same, the resurgence number could strictly increase. For instance, we prove the following theorem.
Theorem 4.13. There exists a set of points X ⊆ P 2 such that if X [k] represents the k-fold fiber product of X embedded in the multiprojective space P 2 × · · · × P 2 k times and I
[k]
X is its defining ideal in [P 2 × · · · × P 2 ], then ρ a (I To establish Theorems 4.5 and 4.6, we invoke results on symbolic powers of sums of ideals recently done in [22] .
The paper is oulined as follows. In the next section, we shall collect auxiliary results on Chow varietys, specialization and resurgence numbers. Section 3 is devoted to Chudnovsky's conjecture, and in Section 4 we study resurgence and asymptotic resurgence numbers.
Preliminaries
In this section, we shall recall important notations, terminology and auxiliary results that will be used throughout the paper.
Let R be a commutative ring and let I ⊆ R be an ideal. For m ∈ N, the m-th symbolic power of I is defined to be
Symbolic powers are particularly easier to understand for the defining ideals of points. Let be a field and let X = {P 1 , . . . , P s } ⊆ P N be a set of s ≥ 1 distinct points. Let p i ⊆ [P N ] be the defining ideal of P i and let I X = p 1 ∩ · · · ∩ p s be the defining ideal of X. Then, for all m ∈ N, it is a well-known fact that
The set of all collections of s not necessarily distinct points in P N is parameterized by the Chow variety G(1, s, N + 1) of 0-cycles of degree s in P N (cf. [16] ). Thus, a property P is said to hold for a general set of s points in P N if there exists an open dense subset U ⊆ G(1, s, N + 1) such that P holds for any X ∈ U.
Let (z ij ) 1≤i≤s,0≤j≤N be s(N + 1) new indeterminates. We shall use z and a to denote the collections (z ij ) 1≤i≤s,0≤j≤N and (a ij ) 1≤i≤s,0≤j≤N , respectively. 
be an open dense subset such that a property P holds for X(a) whenever a ∈ W . Then, the property P holds for a general set of s points in P N . Let x represent the coordinates x 0 , . . . , x N of P N . For an ideal I ⊆ (z)[x] and a ∈ A s(N +1) , the specialization of I at a, in the sense of [30, 31] , is defined to be
Clearly, (I) a is an ideal in [x]. Let I X(z) and I X(a) be the defining ideals of X(z) and X(a), respectively. It is also easy to see from the definition that, for any m ∈ N, 
(2) α I X(z) a = α(I X(z) ) and reg I X(z) a = reg I X(z) .
Recall that the resurgence and asymptotic resurgence numbers of an ideal I ⊆ [P N ] are defined by
Related to these numbers, we further have the following invariants
It is easy to see from the definition that ρ a (I) ≤ ρ lim sup a (I) ≤ ρ(I) for any ideal I. In a recent work [8] , DiPasquale, Francisco, Mermin and Schweig introduced similar invariants replacing the ordinary powers with their integral closures. Particularly, they define We shall make use of the following interesting connection between these invariants. We are going to investigate resurgence and asymptotic resurgence numbers of fiber products of projective schemes in the following sense. Let I ⊆ A = [P N ] and J ⊆ B = [P M ] be nonzero homogeneous ideals. Let X = Proj A/I and Y = Proj B/J be corresponding projective schemes. It is a basic fact that
where R = A ⊗ B, and I + J represents the sum of extensions of I and J in R. We shall study the resurgence and asymptotic resurgence numbers of such a sum of ideals I + J. For k ∈ N, we shall denote by X [k] the k-fold fiber product of X embedded in P N × · · · × P N k times , and denote by I [k] its defining ideal in [P N × · · · × P N ]. 5 
Chudnovsky's conjecture for a general set of points
The aim of this section is to establish Chudnovsky's conjecture for a general set of points. We shall first outline the main steps to achieve this.
• Reduce to the case of a binomial coefficient number of points (Lemma 3.1). This is essentially the same as what was in [15, Proposition 2.5]. • Show that there exists an open dense subset W ⊆ A s(N +1) such that for all a ∈ W , we have ρ(I X(z) ) ≥ ρ(I X(a) ) (Lemma 3.6). such that for all a ∈ U, we have α(I X(a) ) = α(I X(z) ) (Lemma 3.8).
• Deduce Chudnovsky's conjecture for a general set of points in P N . We shall begin with the reduction to a binomial coefficient number of points. Proof. The proof goes in the same line as that of [15, Proposition 2.5] . Suppose X is a set of s general points in P N . We may assume also that X is in generic position. Let d ∈ N be such that
Let Y be a subset of d+N −1 N points in X. Then, since X is in generic position, we have α(I X ) = α(I Y ) = d (see [19, Proposition 3] ).
Suppose that Conjecture 1.1 holds for Y. Then, for all m ≥ 1, we have
It is easy to see that I Our next two lemmas show that the specialization of both ordinary and symbolic powers of I X(z) at a often agree with that of I X(a) . 
The assertion then follows. Proof. We shall show that the subset W in Lemma 3.4 satisfies the requirement. Recall that x represents the coordinates in P N ,
Then
For a ∈ W , let p i (a) = (a ik x l − a il x k 0 ≤ k < l ≤ N). Then, as noted above, X(a) is a set of distinct points in P N and 
Therefore, the minimal generators of J are given by product of elements of the form (x l z ik − x k z il ). As a consequence, each minimal generator of I (m) X(z) is given as a product of a rational function in the variables x and elements of the form (x l z ik − x k z il ). This implies that the specialization of I (m) X(z) at a is obtained by specializing each (x l z ik − x k z il ) at a. Particularly, we have
The assertion is proved.
The next result is essential for the proof of our main theorem in this section. We claim thatf ∈ I r X(z) and, thus, I (m) X(z) ⊆ I r X(z) . Indeed, iff ∈ I r X(z) then, by Lemma 3.4, we have f =f (a, x) ∈ I r X(z) a = I r X(a) , a contradiction. Hence, we have ρ(I X(z) ) ≥ m/r > ρ(I X(a) ) − ǫ. The assertion then follows since this is true for any ǫ > 0.
The following lemma exhibits an important relationship between Waldschmidt constant and resurgence number, that we shall exploit for the proof of our main theorem. Proof. The proof given for [3, Theorem 1.2.1] (and that of [17, Theorem 1.1]) applies directly without the condition that is algebraically closed.
We now arrive at the key result in establishing Chudnovsky's conjecture for a general set of points. such that for all a ∈ U, we have α(I X(a) ) = α(I X(z) ) and ρ(I X(a) ) = ρ(I X(z) ).
Proof. By Lemma 3.7, for all a ∈ W 0 , we have α(I X(a) ) ≤ α(I X(a) )ρ(I X(a) ) ≤ reg I X(a) , α(I X(z) ) ≤ α(I X(z) )ρ(I X(z) ) ≤ reg I X(z) .
Since X(z) is a set of d+N −1 N generic points, it can also be seen (cf. [17] ) that α(I X(z) ) = reg I X(z) = d. such that for any a ∈ V , we have α(I X(a) ) = α(I X(z) ) and reg I X(a) = reg I X(z) .
Thus, for all a ∈ V , we obtain α(I X(a) )ρ(I X(a) ) = α(I X(z) )ρ(I X(z) ) = d.
This, together with Lemmas 3.3 and 3.6, implies that for all a ∈ U = W ∩ V , we have α(I X(a) ) = α(I X(z) ) and ρ(I X(a) ) = ρ(I X(z) ).
The conclusion follows.
We are ready to state our first main result. Hence, for all a ∈ U, we have α(I X(a) ) ≥ α(I X(a) ) + N − 1 N , and the conjecture is verified.
Resurgence and asymptotic resurgence numbers
In this section, we investigate the resurgence and asymptotic resurgence numbers of fiber product of projective schemes. Throughout the section, fix N, M ∈ N, and let A = [P N ] and B = [P M ]. Recall that if I ⊆ A is a homogeneous ideal, X = Proj A/I and k ∈ N, then X [k] represents the k-fold fiber product of X embedded in P N × · · · × P N k times and I [k] denotes its defining ideal in [P N × · · · × P N ].
Our first lemma establishes the equality between ρ lim sup a (I) and its integral closure version defined in [8] . This equality is in the same spirit as that of for ρ a (I) given in [8, The next few lemmas are essential in the computation of ρ a (I + J). For simplicity of notation, we shall use x and y to represent the coordinates of P N and P M , respectively. Proof. Consider any θ ∈ Q such that θ > ρ lim sup a (I + J). By definition, there eixsts t 0 ∈ N such that for all t ≥ t 0 , θ > ρ(I + J, t). Thus, for any h, r ∈ N such that h, r ≥ t ≥ t 0 and h r ≥ θ, we must have (I + J) r ⊇ (I + J) (h) ⊇ I (h) .
Let f (x) be a minimal generator of
Observe that for each i < r, every term of every element in J r−i must contain nontrivial powers of the variables y. Therefore, the same is true also for every element in I i J r−i . This, since f (x) contains no terms involving the variables y, implies that the f i (x, y), for i < r, must cancel leaving
We have shown that θ > ρ(I, t) for all t ≥ t 0 . Hence, θ > ρ lim sup a (I). Similarly, we also have θ > ρ(J, t) for all t ≥ t 0 and, thus, θ > ρ lim sup a (J). The conclusion now follows since this is true for any rational number θ > ρ lim sup a (I + J). 
We are now ready to state our next main results, which compute ρ a (I +J) and give bounds for ρ(I + J). Hence, we must have equalities in (4.1) and the assertion follows. Proof. The first inequality follows in the same line of arguments as that given for Lemma 4.3. We shall now prove the second inequality. In the remaining of this section and the paper, we shall focus on k-fold fiber products of a projective scheme, and give an example where the asymptotic resurgence stays the same while the resurgence strictly increases. The next few lemmas derive a noncontainment for I + J from that of I and J.
Recall that we use x and y to denote the variables in A and B. For term orders ≺ 1 on A and ≺ 2 on B, we define ≺ 1,2 to be the term order on [x, y] = R = A ⊗ B obtained by combining ≺ 1 and ≺ 2 such that x i > y j for all i, j. Our next result provides a lower bound for the resurgence number of k-fold fiber products. By applying Theorem 4.11 we get, for any k ≥ 2, ρ(I [k] ) ≥ k(N + 1) k + 1 .
Observe that lim k→∞ k(N + 1) k + 1 = N + 1. Thus, by taking p → ∞, we get a family of ideals I (depending on p) such that ρ(I [k] ) gets arbitrarily large as k → ∞.
As a consequence of Theorem 4.11, we give an example where ρ a (I [k] ) remains unchanged while ρ(I [k] ) strictly increases.
Theorem 4.13. There exists a set of points X ⊆ P 2 such that if X [k] represents the kfold fiber product of X embedded in the multiprojective space P 2 × · · · × P 2 k times and I
[k]
X is its defining ideal in [P 2 × · · · × P 2 ], then ρ a (I X ) > ρ(I X ). Proof. Let n ∈ N and let be a field of characteristic not equal to 2 containing n distinct roots of unity. Let A = [x, y, z] and let I = (x(y n − z n ), y(z n − x n ), z(x n − y n )).
Then I = I X is the defining ideal of a set X of n 2 + 3 points in P 2 (see [25] ). It is known from [10, Theorem 2.1] that ρ a (I) = (n + 1)/n. It is also known from [10, Theorem 2.1] and [25, Proposition 2.1] that ρ(I) = 3/2 and that I (3) ⊆ I 2 .
It follows by a repeated application of Theorem 4.5 that ρ a (I [k] ) = ρ a (I). Furthermore, it follows from Theorem 4.11 that, for all k ≥ 2,
The theorem is proved.
We end the paper with the following conjectures, that are inspired by what Theorems 4.11 and 4.13 appear to indicate. 
